Working in a superspace, we compute the Lie-point symmetries for the supersymmetric two bosons equations. Computer algebra has helped us to skip the tedious calculations. Translational symmetry supergroups are used to reduce the supersymmetric two bosons equations to an ordinary differential supersystem which involves two even and two odd dependent variables. Some explicit solutions are presented.
Introduction
For the past decade we have seen in the mathematical-physics area an increasing interest for a new kind of equations called systems of Grassmann-valued differential equations (SGVDE) or superequations. Such ones handle both even (commuting or bosonic) and odd (anticommuting or fermionic) variables. The study of integrability and conservation laws of these superequations were the subject of many papers [1] - [9] where in most cases they have succeeded in presenting Lax pairs and conservation laws. Due to the complexity of such superequations, it is often difficult to give explicit solutions. Besides there is no theory or explicit algorithms on how to solve them as in the classical case. Different attempts were made to give explicit solutions using methods such as the Cartan-Kähler integration theorem [10] for first-order superequations.
In this paper, the calculation technique of Lie-point symmetry supergroups of SGVDE [11] is used to give some solutions of the supersymmetric two bosons equations. This method has already helped us in finding some explicit solutions in terms of Jacobi elliptic and hypergeometric functions for the supersymmetric Korteweg-de-Vries equation (N = 2) [12] - [13] .
The contents of this paper is as follows: in Section 2, a general SGVDE is given in terms of Grassmann-valued independent and dependent variables. The algorithm for determining all symmetries of this system is described as a simple generalisation of the one given in the books of Olver [14] and Bluman [15] . The supersymmetric two bosons (TB) equations are presented in section 3. The computation of Lie superalgebras for such supersymmetric equations is given in section 4. Translationally invariant solutions are featured in section 5. Finally, we present in an appendix the input and output files of the computation that have led to the determining superequations.
Algorithm for symmetry superalgebra of SGVDE
The framework to study such SGVDE calls for the concept and notions of superspace, supermanifolds and superdifferential geometry. For an extensive development of this formalism we refer the reader to Berezin [16] and Kostant [17] . Here we just give the major equations of the extension of Lie's technique for SGVDE [11] .
Let us consider the general case of a nonlinear SGVDE of s equations of order k = (
with m independent even variables X = {x 1 , ..., x m }, n independent odd variables Θ = {θ 1 , ..., θ n }, q dependent even variables A = {A 1 , A 2 , ..., A q } and p dependent odd variables Q = {Q 1 , Q 2 , ..., Q p }. Let us recall that the following properties are satisfied for arbitrary odd variables η i : we have η i η j = −η j η i and η
In the spirit of Lie, a one parameter-local point transformation has the form
where is an homogeneous Grassmann variable and denotes the supergroup parameter. The supervector valued functions Ω i , i = 1, . . . , 4 depend only on the variables X, Θ, A and Q (not on the derivatives of A and Q). So the symmetry supergroup H of a SGVDE is the larger supergroup of transformations (2) leaving (1) invariant.
Expanding each relation in (2) around the identity = 0, one can generate the following infinitesimal transformations
where the functions Ξ i , Γ j , Φ r and Λ l are the infinitesimals of the transformations for the independent and dependent (even and odd) variables. In consequence, a basis for the corresponding symmetry superalgebra H will be obtained by considering
Thus, the infinitesimal criterion for the invariance of (1) under the supergroup H may be expressed as
where the k = (k 1 ; k 2 )-th superprolongation of the vector field (7) is given by
where 
and
where
While differentiating with respect to odd variables, the order of differentiation is very important. We adopt the following notation: for 1 ≤ j 1 , j 2 ≤ n, A r j 1 ,j 2 means that we first differentiate A r with respect to θ j 1 then with respect to θ j 2 . The differentiation of the product of homogeneous Grassmann functions, F and G, with respect to odd variables satisfies the rule
where ∂ ∂θ is understood as the left derivative of θ [16] and |F | is the parity of F defined by
After eliminating all dependencies among the derivatives of A r and Q l (since equation (1) must be satisfied), the coefficients (10), (11) and equation (8) will involve expressions with partial derivatives of Ξ i , Γ j , Φ r and Λ l with respect to both even and odd dependent and independent variables. Once we evaluate (8) and identify all the coefficients of the different combinations of even and odd dependent variables to zero, we obtain a large number of equations expressed in terms of Ξ i , Γ j , Φ r and Λ l and their derivatives with respect to the x i 's and θ j 's. These are the determining superequations. The resolution of such equations leads to a vector field (7) that is a linear combination of vector fields generating the Lie superalgebra H.
The TB supersymmetric equation
Let us recall that the classical dispersiveless long wave equations
have a number of dispersive generalizations [18, 19, 20] . The study of the integrability of the dispersive generalization of the long water wave equation, also called the two-boson system (TB), has been done [21, 22] . In this paper we shall be concerned with the supersymmetric version of the following system
where J 1 (x, t) and J 2 (x, t) are respectively the horizontal velocity and the height of the free surface and α is an arbitrary parameter. The prime denotes the derivative with respect to x.
The system (15) is integrable and has a trihamiltonian structure [20] . For different values of α, the above system could be reduced to many well-known equations such that the non-linear Schrödinger and Burgers equations.
In what follows, α is chosen to be equal to 1. The most general supersymmetric extension of the dynamical equations (15) which is integrable was introduced by Brunelli and Das [23] and is written as follows Q
where D = ∂ ∂θ + θ ∂ ∂x is the supercovariant derivative and Q 1 , Q 2 are fermionic fields. Replacing D by its value, we obtain
The fermionic fields Q 1 and Q 2 may be expanded as
where ψ 1 , ψ 2 are anticommuting functions and J 1 , J 2 are commuting ones. Therefore, the supersystem (17) becomes
In the bosonic limit, we see that the supersystem (18) reduces to eq. (15) for the particular case α = 1. The supersystem (17) is of second order having two even (x, t) and one odd θ independent variables and the search for its invariance superalgebra will be the object of the next section.
Lie superalgebras of the TB superequations
Dealing with even and odd variables means that the order in the products must be respected. Furthermore, differentiating Grassmann functions with respect to odd variables may change the type of the resulting function. All these considerations and others were modeled in a package named Grassmann, written in MAPLE language and introduced by Cheb-Terrab [24] .
The symmetry superalgebra has been obtained from equations (17) using the package GLie [25] . It helped us to perform the determining superequations (see Appendix A). Solving these superequations, we got the following general solution for the infinitesimals
where c i , i = 1, . . . , 4 are even constants and α j , j = 1 . . . 2 are odd ones. The symbol "&*" is the Maple noncommutative multiplication operator. The supersymmetric two bosons equations (17) admit a (4|2)-dimensional superalgebra generated by:
The supercommutator table of the Lie superalgebra is as follows:
As usual, commutation relations are satisfied for even-even and even-odd products while anticommutation relations are satisfied for odd-odd products. Therefore, the one-parameter supergroups of transformations G i generated by the {C i , A j } are given as follows:
Translationally invariant solutions
In this section, we shall consider some solutions of the TB superequations which are invariant under subgroups involving the generator λC 1 + C 2 . The new independent variable, y = x − λt, is called the invariant and the supersystem (17) becomes, in terms of the new variables (θ, y),
Now, expressing Q 1 and Q 2 in components as:
we get the following nonlinear coupled supersystem of ordinary differential equations:
where the letters c i and µ j are considered respectively even and odd constants of integration. In order to solve it, we first put J 2 as given by eq. (26) into eq. (28). We then get
Next, we can take the new function J(y) = J 1 (y) + λ 2 to write the system of eqs. (27), (29) and (30) in the form:
where ω = 2c 1 − λ 2 /2. The equations (31) and (32) are linear in ψ 1 and ψ 2 and give rise to the following expressions for ψ 2 and ψ 1 respectively, in terms of the unknown function J:
with ρ(y) = 2 (µ 1 − 2J(y)ψ 2 (y))e −2 J(y)dy dy + µ 3 e 2 J(y)dy .
Note that µ 2 , µ 3 and µ 4 are new odd integration constants. The equation (33) is not easy to integrate but some solutions may be given. For example, if we choose the function J(y) on the form
where a is a constant, the explicit forms of ψ 2 and ψ 1 are easily deduced. Indeed we get
These solutions are consistent only for a = −1 or a = 1 since we have to take into account the eq. (33). The constants µ i , i = 1, . . . , 4 being odd Grassmann numbers, their square disappear and it remains the following conditions and solutions of the supersystem (26) (27) (28) (29) , in terms of the original variables x and t for the two cases: For a = −1, we get
since we have to impose µ 1 = µ 2 and the other constants must verify ω 2 + 4µ 1 µ 3 = 0 and c 2 = 2µ 1 µ 3 ;
For a = 1, we get
since we have µ 1 = µ 3 and the other constants must verify
Let us consider the case where the product ψ 1 y (y)ψ 2 (y) is a constant in eq. (33). Taking into account the eqs. (31) and (32) and the fact that ψ 1 and ψ 2 are odd functions, we see that it is realised only when ψ 2 = 0. This means that we are considering solutions of the system (26-29) for which we have ψ 2 = 0 and µ 1 = 0. The equation (33) is now the modified KdV equation for J(y) and some particular solutions may be given. Indeed, we know that it admits the soliton solution
We
with
Finally, we can also consider the rational solution
of eq. (33) where ω 2 = −6a 2 and c 2 = 2a 3 . It leads to
Conclusion
Through this example of the supersymmetric TB equations, we have shown that it is possible to solve Grassmann-valued differential equations by the method of symmetries. Computer calculations has greatly helped us in carrying out the symmetry algebra. In a future work, we will intend to apply the method of conditionnal symmetries [26] to such supersystems in order to obtain other interesting class of solutions. Also the problem of solving such supersystems analytically or numerically with initial conditions could be addressed.
A Computation of the determining superequations for the TB equations
Here we give the 4th run execution of the input file and the Maple session for the supersymmetric two bosons equations. It is important to mention that the code GLie compute only the determining superequations for any high order SGVDE. Their resolution should be done by hand. In an interactive way, we run the program and explore the dependency of the infinitesimals. Then we feed back the results into the input file. We repeat this procedure until we get the simplest supersystem. For more description and use of this package see [25] . The Maple CPU Time is about 248.5 seconds. Note that "& * " is the Maple noncommutative multiplication operator and "gdiff" is an extension of the Maple conventional differentiation operator "diff" introduced by Cheb-Terrab [24] to fill the gap between the standard resources of Maple and our needs. This operator respects the Leibniz rule (12) and the correct form of chain rule of higher order differentiations.
The Input File
The input data for GLie must have the following arrays introduced in an ascii file. Note that DifDependOVar contains all the partial differential terms for odd dependent variables that figure in the supersystem. 
